The generalized exponential (GE) distribution is an important lifetime distribution in survival analysis. It is considered as a suitable alternative to the most common lifetime distributions such as gamma and Weibull distributions. In this paper, a bivariate generalized exponential distribution (BVGE) is studied based on copula functions. Two illustrative examples are introduced to compare the studied estimation methods for the two proposed models using simulated and real data sets. Useful results are obtained. 
Introduction
The statistics literature has considerable lifetime distributions for modeling survival data. The generalized exponential distribution is one of the important lifetime distributions in survival analysis. It provides better fit than gamma and Weibull distributions, see Gupta and Kundu in [5] and [6] . This distribution has been studied extensively by Gupta and Kundu and others. Gupta and Kundu in [7] employed different estimation procedures to estimate the generalized exponential distribution parameters and compared the performance of these procedures. Gupta and Kundu in [8] used the ratio of the maximized likelihoods (RML) to distinguish between the Weibull and generalized exponential distributions. They reused the same techniques to distinguish between the gamma and generalized exponential distributions in [9] . Sarhan in [19] derived the estimates of the parameters of generalized exponential distribution in the presence of incomplete and censored data for a competing risks model. Danish and Aslam in [2] presented the Bayesian analysis of generalized exponential distribution in proportional hazards model of random censorship under asymmetric loss functions. Mohie El-Din et al. in [16] studied and estimated the parameters of a generalized exponential distribution based on an adaptive progressively type-II censored sample. In the case of bivariate extension, recent researches have been made for the bivariate generalized exponential distribution. Kundu and Gupta in [13] introduced a bivariate generalized exponential so that the marginal distributions are generalized exponential distributions. Kundu and Gupta in [14] constructed a new absolute continuous bivariate generalized exponential distribution with generalized exponential distribution as marginal using Clayton copula. Achcar et al. in [1] introduced a Bayesian analysis for the bivariate generalized exponential distribution based on FGM copula in the presence of censored data. The univariate generalized exponential distribution has the distribution function; ( ; , ) = ( 1 − − ) ; > 0 , , > 0,
and the density function; 
where , are the shape and scale parameters respectively. The density function has great flexibility of fitting depending on the shape parameter α: if α < 1, it becomes a decreasing function and if α > 1, it becomes a unimodal function with mode given by −1 log α. Observe that if α = 1, it becomes an exponential distribution with parameter λ. The reliability function is defined as ( 1 , 2 ) = ( 1 ( 1 ), 2 ( 2 )) = ( , ),
where = 1 ( 1 ) and = 2 ( 2 ). Therefore, the density function is given as ( 1 , 2 ) = 1 ( 1 ) 2 ( 2 ) ( 1 ( 1 ), 2 ( 2 )).
Sklar theorem

Let be a joint distribution function with margins and . Then there exists a copula
such that for all , in ̅ , ( , ) = ( ( ), ( ) 
Estimation of Copula-Based Model
There is a number of methods for fitting a copula model. In this paper, three different estimation methods are used to fit the proposed models. The first method is the maximum likelihood estimation (MLE). It is a one-step parametric method that employs the maximum likelihood estimator to estimate all model parameters jointly. Consider a bivariate distribution based on copula for a random vector = ( 1 , 2 ). The log-likelihood function is given as
The parameters estimates are obtained by maximizing the log-likelihood function in (6) over each parameter separately. Therefore, the estimate of copula parameter is given as ̂= ( ).
Another method of estimation is studied in this paper. It is known as inference functions for margins (IFM), see Joe in [10] and [11] . It is a parametric method with two-step of estimation. Firstly, estimating the marginal 1 and 2 respectively by maximizing the log-likelihood function of each marginal in (8)
The second step is estimating the copula parameter by maximizing the loglikelihood function of the copula density using the ML estimates of the marginal ̂1 ( 1 ) and ̂2 ( 2 ) from first step as given
The feature of this method over the MLE is the flexibility in computations.
The canonical maximum likelihood (CML) is another estimation method that used in this paper. It is a semi parametric method with two process. It is useful method, which is allowing the misspecification of marginal distributions. Kim et al. in [12] confirm that the CML method is more efficient than the MLE and IFM methods when the marginal distributions are unknown. In this method, the observations are transformed into pseudo-observations using the empirical distribution function of each marginal distribution. The empirical distribution function is defined as
Then, the copula parameter is estimated by maximizing the log-likelihood function of the copula density using the transformed variables as
Bivariate Generalized Exponential Distribution based on Copula
Basing on (3), the bivariate generalized exponential distribution based on copula is expressed as
And the density function is given as
In statistics literature, there is a large collection of copulas with one or more parameter and different features. In this paper, the FGM and Plackett copulas are employed to form the bivariate extension of generalized exponential distribution.
Bivariate Generalized Exponential Distribution based on FGM Copula
The FGM family is one of the most popular parametric families of copulas that discussed by Morgenstern in [17] , Gumbel in [4] and Farlie in [3] . The expression of distribution function for FGM copula is
and the density function is given by
The density function is defined as
where > 0 , , and > 0 , = 1,2.
Estimation of Bivariate Generalized Exponential Distribution based on Copula
Three different estimation methods are used to estimate the parameters of bivariate generalized exponential distribution based on copula which are maximum likelihood estimation, inference functions for margins and canonical maximum likelihood.
Estimation of Bivariate Generalized Exponential Distribution based on FGM Copula
In this subsection, the bivariate generalized exponential distribution based on FGM copula is estimated by the three proposed estimation methods.
Estimation by Maximum Likelihood Estimation (MLE)
Considering the Equation (6), the log likelihood function of a bivariate generalized exponential distribution based on FGM copula is defined as
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The estimates of all parameters are obtained by differentiating the log-likelihood function in (22) with respect to each parameter separately. Basing on this, differentiating the log-likelihood function with respect to 1 is given as
Differentiating the log-likelihood function in (22) with respect to 2 is given as
Maximizing the log-likelihood function in (22) with respect to 1 is given as
Maximizing the log-likelihood function in (22) with respect to 2 is given as
Maximizing the log-likelihood function in (22) with respect to results
The estimates of parameters are obtained numerically through a statistical software.
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Estimation by Inference Functions for Margins (IFM)
By considering the first step with Equation (8) for a bivariate generalized exponential distribution based on FGM copula, the parameters of each marginal distribution will be estimated by MLE separately. The equation becomes
Maximizing the log-likelihood function in (27) over is given as
Therefore, the estimate of , say ̂, is given as
Maximizing the log-likelihood function in (27) over λ i is given as
It is noted that the MLE of is a function of , say ̂( ), where
Substituting ̂( ) in (27), the equation is re-expressed as
By differentiating the log likelihood function in (30) with respect to , the equation is given as
The fixed point solution of Equation (31) will provide the MLE of , say ̂. Substituting ̂ in (28) will provide the MLE of , say ̂. The second step is estimating the copula density using marginal estimates ̂1 ( 1 ) and ̂2 ( 2 ) from first step as follows
The estimates of parameters are handled numerically through a statistical software.
Estimation by Canonical Maximum Likelihood (CML)
Basing on this method, the bivariate generalized exponential distribution based on FGM copula is estimated as follows
.
Inference of bivariate generalized exponential distribution…
In this paper, the estimation of parameters of bivariate generalized exponential distribution based on FGM copula is handled numerically through a statistical software.
Estimation of Bivariate Generalized Exponential Distribution based on Plackett Copula
In this subsection, the bivariate generalized exponential distribution based on Plackett copula is estimated by the three proposed estimation methods.
Estimation by Maximum Likelihood Estimation (MLE)
The log likelihood function of the bivariate generalized exponential distribution based on Plackett copula is defined as 
Maximizing the log likelihood function in (34) over α 1 is given as
Maximizing the log likelihood function in (34) over α 2 is given as
Inference of bivariate generalized exponential distribution…
Maximizing the log likelihood function in (34) over λ 1 is given as
Where 1́( 1 ) = Maximizing the log likelihood function in (34) over copula parameter θ is given as
The parameters estimates are handled numerically through a statistical software.
Estimation by Inference Functions for Margins (IFM)
The ML estimates of parameters of the marginal 1 ( 1 ) and 2 ( 2 ) are obtained in (28) and (31). Basing on this, the copula parameter is estimated as follows
where ̂1 ( 1 ) = ( 1 − −̂1 1 )̂1and ̂2 ( 2 ) = (1 − −̂2 2 )̂2. Differentiating the log likelihood function with respect to copula parameter is given as ( 2 ) ].
The estimate of copula parameter is obtained numerically through a statistical software.
Estimation by Canonical Maximum Likelihood (CML)
Using the empirical distribution function of each marginal distribution
the copula parameter is estimated by maximizing the log-likelihood function of the copula density as
Differentiating the log likelihood function with respect to copula parameter is given as ( 2 ) ]. In this paper, the parameters estimation of bivariate generalized exponential distribution based on Plackett copula is handled through a statistical software numerically.
Application
An analysis of simulated and real data sets is provided in this section.
Simulation Data
Considering the following values of marginal and copula parameters of bivariate generalized exponential distribution based on FGM and Plackett copula with different sizes of sample (n = 25, 50, 75, 100, 125, and 150): 1. α 1 = 3.5, λ 1 = 2.5 , α 2 = 2, λ 2 = 1.5, FGM copula parameter θ F = 0.88 and Plackett copula parameter θ P = 2.48. 2. α 1 = 2, λ 1 = 1.5 , α 2 = 4.5, λ 2 = 1.5, FGM copula parameter θ F = 0.92 and Plackett copula parameter θ P = 2.60.
3. α 1 = 3, λ 1 = 1.8 , α 2 = 3, λ 2 = 2.5, FGM copula parameter θ F = 0.80 and Plackett copula parameter θ P = 2.27.
The average estimates for these parameters of two models by different ways of estimation and the corresponding mean squared errors (in brackets) based on 1000 replications are reported in Table 1 Table 1 and 2, the ML estimates of parameters of marginal 1 for two models were better than IFM estimates for the same marginal, while IFM estimates of parameters of marginal 2 for two models were better than ML estimates, knowing that 1 > 2 . For copula parameter, it is observed that the ML estimates of FGM copula parameter were more efficient than the corresponding IFM and CML estimates. It is also observed that the IFM and CML estimates are close together. The Plackett copula parameter had efficient estimates by IFM and CML estimation methods compared with MLE. Table 3 and 4, the ML estimates of parameters for two models were better in most of cases compared with the corresponding estimates by IFM, knowing that 1 < 2 . For copula parameter, it is clear that the estimates of FGM copula parameter by MLE were better than the estimates by IFM and CML methods. It is also clear that IFM and CML estimates were closed together. The IFM and CML estimates of Plackett copula parameter were closed and efficient compared with the corresponding ML estimates. Based on the results in Table 5 and 6, knowing that 1 = 2 , the ML estimates for parameters of bivariate generalized exponential distribution based on FGM copula were more efficient than estimates by other estimation methods. The estimates of parameters of bivariate generalized exponential distribution based on Plackett copula by IFM method were more efficient in most of cases compared with other estimation methods. It is observed that the IFM and CML estimates for FGM copula parameter and Plackett copula parameter were closed together. In most of cases in Table 1 , 2, 3, 4, 5 and 6, it is clear that as sample size increases, the mean square errors decrease and the parameters estimates become better.
Real Data
The data set from McGilchrist and Aisbett in [15] . This data represents the recurrence time of infection for kidney patients. Let T 1 refers to first recurrence time and T 2 to second recurrence time. The data for 30 patients are reported in Table 7 .
value, the generalized exponential distribution can be fit to the marginal. The Kendall's tau and the Spearman's rho for data are 0.1110 and 0.1531, respectively. It is noted that there is a weak positive dependence between data. A copula goodness-of-fit test is applied to check the relevance of copulas for data. Furthermore, popular criteria for model selection are used which are the Akaike information criterion (AIC) and the Bayesian information criterion (BIC). The AIC and BIC are defined respectively as
where k equals the number of parameters in the model and N equals the number of observations. The lowest values of AIC and BIC indicate the best fit for a model. The results of copula goodness-of-fit test, AIC and BIC are reported in Table 8 . The resulting p-values of copula goodness-of-fit test were 0.7338 for FGM copula and 0.7877 for Plackett copula, which confirms that both copulas are suitable for the data set. The resulting estimated dependence parameter was 0.467 for FGM copula and 1.663 for Plackett copula. The results of AIC were 689.0881 for FGM copula and 689.0495 for Plackett copula. The results of BIC were 696.0940 for FGM copula and 696.0555 for Plackett copula. From the goodness of fit test, the AIC and BIC results, it seems that the Plackett copula is fitting better than FGM copula.
Finally, the bivariate generalized exponential distribution based on FGM and Plackett copulas are fitted to the data separately. The proposed models are estimated with different estimation methods. Table 9 displayed the estimates and the corresponding mean square errors (in brackets) of parameters. It is observed that the efficient estimators of marginal parameters of two models differ according to the parameters. It seems that ML estimates of shape parameters 1 and 2 of two models are better than the corresponding IFM estimates. The IFM estimates of scale parameters 1 and 2 of two models are better than the corresponding ML estimates. For copula parameter, the CML estimation method provided efficient estimates for both FGM and Plackett copula parameters compared to MLE or IFM methods. It is also noted that the MLE and IFM estimates for copula parameter are closed together.
Conclusion
In this paper, a bivariate generalized exponential distribution is studied basing on FGM and Plackett copulas. Three different estimation methods are applied on the proposed models, and it is observed that the efficient estimation method for marginal differs according to the nature of data and values of parameters. For FGM copula parameter, the efficient estimator also differs according to the nature of data and value of parameter while the CML estimation method is efficient for estimating the Plackett copula parameter in most of cases. A real data set is analyzed and fitted to the proposed models. It is observed that a bivariate generalized exponential distribution based on Plackett copula is fitting best for data than a bivariate generalized exponential distribution based on FGM copula.
